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Fiber compositesAccurate numerical homogenization necessitates the thorough determination of the Representative Vol-
ume Element (RVE). There exists several seminal works on the notion of the RVE in homogenization, its
deﬁnitions and methods of determination for efﬁcient computation of composite effective properties. The
objective of the current work is to assess the ability of numerical RVE determination methods to deliver
accurate effective properties of composite materials. This paper demonstrates that common and well-
established RVE determination methods, based on studying the convergence rate of the effective proper-
ties with respect to the volume element size, are invalid for the case of composites reinforced by ran-
domly oriented ﬁbers and yield erroneous estimates of their effective properties. Following the failure
of traditional RVE determination methods, we proposed a new RVE determination criterion that is not
based on the average property stability, but its statistical variations. Our new proposed criterion has been
shown to be more accurate than other criteria in computing the effective properties of composites for
aspect ratios up to 60. Moreover, the proposed criterion does not necessitate a convergence study over
the volume element size, hence reducing considerably the RVE determination cost. Finally, our work
questions the validity of many published works dealing with composites including heterogeneities of
high aspect ratios.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Computational homogenization of three-dimensional (3D) vol-
umes can deliver accurate effective properties for composites with
arbitrary microstructures. The accuracy of computational homoge-
nization relies on the 3D representation of the composite simu-
lated. The volume under study should be a Representative
Volume Element (RVE) of the whole mixture. There exists several
seminal works on the RVE notion, deﬁnitions and methods of
determination (compare Huet, 1990; Drugan and Willis, 1996; Ka-
nit et al., 2003; Ostoja-Starzewski, 1998). The computational
homogenization of a RVE of a composite material should theoreti-
cally deliver accurate effective properties of the bulk material.
However, the methods of determination of RVE are not guaranteed
to deliver the exact RVE, see Ostoja-Starzewski (1998). Most often,
one is constrained to work with a statistical RVE that satisﬁes one
or several user-prescribed criteria. The ability of the RVE statistical
criteria to effectively determine the exact RVE and consequently to
accurately compute effective properties has not been veriﬁed.
The objective of the current work is to investigate the ability of
different statistical RVE criteria to deliver accurate effectiveproperties of composite materials. In particular, this work studies
the case of Randomly Oriented Fiber Reinforced Composites
(ROFRC). Only a few works on ROFRC are reported in the literature
and are limited, due to computational challenges, to low volume
fractions (e.g., Lusti and Gusev, 2004 up to 1%, Mortazavi et al.,
2013 at 1% and 3%) and low ﬁbers aspect ratios where is the ﬁber
length and is the ﬁber radius (e.g., in Böhm et al., 2002, in Kari
et al., 2007).
The validity of the different RVE determinationmethods was as-
sessed by comparing their corresponding effective properties to
those of three-dimensional volumes containing a large number of
ﬁbers (i.e. a much larger number of represented ﬁbers than the
smallest RVE). We successfully and rigorously simulated the most
challenging combinations of aspect ratios and volume fractions for
ROFRC reported so far. The originality of our work lies in the fact
that the exploration of this uncharted range of composites revealed
that well-accepted RVE determination criteria for composites rein-
forced by lower aspect ratio ﬁbers fail to deliver accurate predic-
tions for composites reinforced by higher aspect ratio ﬁbers.
These new and surprising results led us to devise a new procedure,
that improves on all existing methods by its robustness and com-
putational cost, for computing the effective properties of ROFRCs.
The steps of numerical homogenization are ﬁrst reviewed in
Section 2. In Section 3, several RVE determination criteria and
3818 H. Moussaddy et al. / International Journal of Solids and Structures 50 (2013) 3817–3828methods are presented. Section 4 describes brieﬂy the numerical
simulations and the parameters used in this study. Section 5 con-
tains a comparison between the results of different RVE determina-
tion methods. Finally, the main conclusions of this work are listed
in Section 6.2. Background
Most numerical homogenization studies follow the methodol-
ogy described below. First, a 3D image of a random microstructure
is generated (Section 2.1). Then, the 3D image is discretized follow-
ing the technique of FE or FFT (Section 2.2). Boundary conditions
are then enforced on the model (Section 2.3), followed by the com-
putation of the microstructure apparent properties (Section 2.4).
Several techniques can help reducing the computational cost of
the numerical homogenization process (Section 2.5). Finally, the
RVE is determined by analyzing the numerical results of several
random microstructures (Section 2.6).2.1. Random microstructure generation
The ﬁrst step in numerical homogenization of ROFRCs is to gen-
erate a 3D image of a microstructure where the ﬁbers are randomly
positioned and oriented. Different methods are commonly used for
constructing random microstructure volumes, namely: random
sequential adsorption (RSA) (Feder, 1980; Talbot et al., 1991),
Monte-Carlo simulations (Gusev, 1997), molecular dynamics simu-
lations (Ghossein and Lévesque, 2012; Lubachevsky et al., 1990),
random-walk methods (Altendorf and Jeulin, 2011) and experi-
mental image reconstruction techniques (Huang, 2013). The RSA
algorithm (Feder, 1980; Talbot et al., 1991), presented herein, has
been the most commonly used method for random microstruc-
tures generation due to its simplicity. Among the other above-
mentioned methods, only the random-walk method has been
shown recently to generate more compact packings for ROFRCs
(Altendorf and Jeulin, 2011). However, the method is limited to
bended ﬁbers only, which are not desired in our case since this
work aims at comparing the computed effective properties with
that estimated from micromechanical analytical models (e.g., Mori
and Tanaka, 1973) that assume straight ﬁbers.
The RSA method consists of sequentially adding ﬁbers into a
volume, while checking for contact interferences with all previ-
ously generated ﬁbers, until the target volume fraction is reached.
If a newly added ﬁber overlaps with another ﬁber, it is removed
and then repositioned randomly in the same volume. This reposi-
tioning operation is repeated until the new ﬁber location is free
from interferences. However, achievable microstructures by RSA
are limited to low volume fractions, due to ﬁber interpenetration,
also known as the jamming limit (Feder, 1980). The RSA process
becomes even more complicated for high aspect ratio ﬁbers be-
cause they have more probability to interfere with each other. This
can be observed in the percolation theory where it is predicted that
longer and randomly oriented ﬁbers have an increased probability
of forming a connected network (Sandler et al., 2003). This explains
partially why ROFRCs efforts have been limited to low aspect ra-
tios. Kari et al. (2007) proposed a modiﬁcation to the original
RSA scheme to overcome the jamming limit by adding smaller ﬁ-
bers to ﬁll-up the volume after reaching the jamming limit at a gi-
ven initial ﬁber size. However, discrepancies in aspect ratios and
sizes of ﬁbers in the same microstructure induce very reﬁned dis-
cretizations of microstructures, increasing substantially the com-
putational cost. Therefore, there is still a need to improve the
RSA method for randomly oriented straight ﬁbers in order to ex-
tend the range of achievable volume fractions and aspect ratios.
An original modiﬁcation to the RSA scheme is proposed inAppendix where a displacement is imposed on added ﬁbers that
interfere with existing ﬁbers.
2.2. Numerical solution methods and geometry discretization
The FE and the FFT methods are among the most used numeri-
cal methods to estimate the effective properties of composite
microstructures. The latter has been reported by Moulinec et al.
(1994, 1998) and has been recently used in a study on the effective
properties of sphere reinforced composites (Ghossein and Lév-
esque, 2012). The FFT method requires uniform discretization of
a three dimensional microstructure image into equal size cubic
volumes (i.e., voxels) in order to enjoy the computational efﬁciency
of FFT. The principal advantage of this method is that it avoids the
meshing difﬁculties usually associated with FE and can be fully
automated, by opposition to FE where user input is required in
most cases. However, the number of voxels required to represent
adequately the geometry of high aspect ratio ﬁbers becomes very
important and leads to very large computational costs. The FE al-
lows for a non-uniform distribution of elements (i.e., free meshes)
permitting different levels of mesh reﬁnements in different parts of
the microstructure. Moreover, different types and shapes of ele-
ments can be used to accurately represent the ﬁber circular
cross-section. When the meshing is complete, boundary conditions
are enforced on the meshing as described next.
2.3. Boundary conditions
For an inﬁnitely large volume, the effective properties are inde-
pendent of the applied boundary conditions (Hill, 1963; Sab, 1992).
Therefore, regardless of the enforced boundary conditions, all
apparent properties should converge to the effective properties
when increasing the number of heterogeneities. The main criterion
that should be driving the choice of boundary conditions is the con-
vergence rate of the apparent properties towards the effective prop-
erties. It has been demonstrated (Kanit et al., 2003) that periodic
boundary conditions converge towards the effective properties for
smaller volumes than uniform tractions or displacements. By deﬁ-
nition, periodic boundary conditions are implemented into FFT
methods (Moulinec and Suquet, 1998). However, the implementa-
tion of periodic boundary conditions into FE models is more chal-
lenging. Periodic boundary conditions application in FE packages
can be achieved through the elimination method using Multiple-
Point Constraints (MPC). In order to exactly meet the periodicity
of the displacement ﬁeld, the microstructure must be periodic
and the meshes on opposite faces of the volume element must be
identical. Following themeshing, all matching nodes displacements
are coupled through the periodic boundary conditions equation:
uðx2Þ  uðx1Þ ¼ E  ðx2  x1Þ; ð1Þ
where uðxiÞ is the displacement vector of the node at location xi; x1
and x2 are the coordinates of two matching nodes on opposite faces
of the cubic volume and E is the applied macroscopic strain (set by
the user). The reader is referred to Barello and Lévesque (2008) for a
more detailed discussion on periodic boundary conditions imple-
mentation in numerical homogenization problems. Following the
boundary conditions enforcement, the numerical model is solved
and the apparent elastic properties are consequently determined
as described in the next section.
2.4. Computation of the elastic properties
The apparent elastic tensor eC of a volume element is computed
through:
R ¼ eC : E; ð2Þ
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R ¼ r xð Þh iV ; ð3aÞ
E ¼ e xð Þh iV ; ð3bÞ
where r and e are the local stress and strain ﬁelds, respectively. An-
gle brackets hi indicate an averaging over the volume V as
r xð Þh iV ¼
1
V
Z
V
r xð ÞdV: ð4Þ
For discretized elements, angle brackets hi indicate a volume aver-
aging of the discrete ﬁeld:
rih iV ¼
1
V
X
Vi ri; ð5Þ
where Vi and ri are the volume and stress attributed to the ith ﬁnite
element (or integration point). In order to show explicitly how the
effective elastic tensor eC is calculated, the modiﬁed Voigt (Mandel)
notation is used by which Eq. (2) becomes:
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In order to obtain all the terms of the apparent elasticity tensor eC,
each FE model can be solved 6 times using 6 orthogonal deforma-
tion states, namely:
E1 ¼
e
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; E2 ¼
0
e
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ð7Þ
Each deformation state is applied separately on the non-de-
formed FE model. By implementing (7) in (6), each deformation
state results in a single column of the apparent elastic tensor eC
in its matrix notation. Consequently, all 6 columns of the apparent
elasticity tensor can be calculated. Conversely, if tractions based
boundary conditions were to be applied, six orthogonal states of
applied tractions would be needed to determine the 36 terms of
the compliance tensor eS in its matrix notation. It should be noted
that for inﬁnitely large volume elements, at most 21 constants
need to be determined due to the symmetry of the stress and strain
tensors.
It is well established that a random orientation distribution of
ﬁbers should lead to isotropic effective properties (Benveniste,
1987). Therefore, only two elastic parameters are sufﬁcient to de-
scribe the effective behavior of the composite. Assuming the isot-
ropy of the volume element, the apparent bulk modulus ~k and
shear modulus eG can be calculated from eC using the isotropy pro-
jectors resulting in the following equations expressed using the
Einstein summation convention:
~k ¼
eCiijj
9
; ð8aÞ
eG ¼ 3eCijij  eCiijj
30
: ð8bÞ
It should be noted that only two loading cases are required to esti-
mate ~k and eG. However, we performed the 6 load cases, stated in Eq.(7), required to obtain the full stiffness tensor in order to study its
deviation from isotropy (see Section 3.1).
2.5. FE computation techniques
ROFRCs discretized microstructures usually require large FE
models with a very high number of degrees of freedom (DOF). With
15 randomly oriented ﬁbers of aspect ratio 5 and a volume fraction
of 15%, Böhm et al. (2002) obtained a 130,000 nodes FE model
(390,000 DOF). The number of DOF substantially increases for
higher aspect ratios of ﬁbers. The computational memory required
for the solution of the corresponding FE models cannot be handled
by typical workstation computers and classical solving methods.
However, speciﬁc techniques can reduce the memory require-
ments and computational time of the FE computations. One impor-
tant technique to signiﬁcantly reduce the computational cost is the
use of iterative solvers. Iterative solvers such as the Krylov sub-
space methods (e.g. pre-conditioned conjugate gradient) can sig-
niﬁcantly reduce the memory required as well as the
computational time when compared to the direct sparse solver.
These types of solvers are most efﬁcient when used for block-like
structures with high number of DOF (i.e., over a million) (ABAQUS
Analysis User’s Manual, 2010), as for the case of ROFRC volume ele-
ments. Most commercial FE packages (e.g., Abaqus/Standard v6.10,
ANSYS v13.0) have iterative solvers already implemented but must
be speciﬁed by the user. However, certain element types, contact
or non-linearity of material properties or geometries can lead to
ill-conditioned models which will slowly or even fail to converge.
Another important aspect of large model computation is parall-
elization. Thread-based-parallelization can be utilized to paralle-
lize independent tasks and loops. Moreover, Message Passing
Interface (MPI) based parallelization in domain decomposition
methods (Farhat et al., 1994; Farhat and Roux, 1991; Lenhardt
and Rottner, 1999) can be utilized in parallelizing the model on a
computer cluster. FE Tearing and Interconnecting method (FETI)
(Farhat et al., 1994; Farhat and Roux, 1991) is a domain decompo-
sition method which breaks down the model into subdomains that
share only interfaces. Forces and displacements at the interfaces of
subdomains are determined iteratively in an automated process
without any user intervention. The N subdomains are solved in N
different processes that communicate through the MPI. The combi-
nation of iterative solvers and parallelization schemes can help
widen the range of achievable volume fractions and ﬁbers aspect
ratios for ROFRCs. However, not every combination of paralleliza-
tion scheme and solver is possible. For more information about
FE solvers and parallelization, the reader is referred to Farhat and
Roux (1994).
2.6. RVE determination
2.6.1. RVE deﬁnitions
The validity of the numerical homogenization relies on the no-
tion of the RVE. As originally described by Hill (1963) and later by
others (Drugan and Willis, 1996; Ostoja-Starzewski, 1998; Sab,
1992), the ‘‘theoretical RVE’’ refers to a sample that is large enough
(1) to include a sampling of all microstructural heterogeneities that
occur in the composite and (2) to deliver effective properties that
are independent of boundary conditions. The theoretical RVE deﬁ-
nition is simple in its physical meaning but remains challenging to
determine in practice. A more practical RVE deﬁnition is found in
the framework of homogenization in which a ‘‘numerical RVE’’ is
deﬁned as the smallest volume element that has the same target
property/behavior as the full scale material (Gusev, 1997; Kanit
et al., 2003). While the theoretical RVE is speciﬁc for the micro-
structure under study (e.g., volume fraction, contrast of properties,
heterogeneities shapes, dispersion and orientation), the numerical
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bulk modulus, shear modulus, thermal properties) (Gitman et al.,
2007; Harper et al., 2012; Kanit et al., 2003; Pelissou et al.,
2009). The numerical RVE deﬁnition is more interesting than that
of a theoretical RVE from a practical standpoint. Numerical RVE
should result in smaller volumes while still satisfying the homog-
enization primary objective of having accurate effective properties.
2.6.2. Numerical RVE determination
A numerical RVE is usually characterized by the number of rep-
resented heterogeneities in the volume. The number of heteroge-
neities that are required in a RVE is estimated through the
veriﬁcation of speciﬁc criteria. Those RVE determination criteria
should, necessarily, be able to identify a RVE with accurate proper-
ties and, ideally, with the smallest volume element as possible.
Selecting appropriate RVE criteria is not trivial. Inadequately se-
lected criteria can lead either to a volume smaller than the RVE,
hence yielding erroneous results, or to a very large RVE that in-
duces prohibitively large computational costs.
The ﬁrst numerical RVE criteria reported in the literature relied
on the stability of the apparent properties of volume elements over
increments of the number of heterogeneities in the volume (Gusev,
1997). Gusev (1997) used this determination criterion to deter-
mine the RVE of randomly dispersed spheres reinforced compos-
ites. Later on, Kanit et al. (2003) have presented an algorithm to
determine the RVE deﬁned not only by its number of represented
heterogeneities, but also by the number of random realizations of
the volume element required to have conﬁdence in the results. In
Kanit et al. (2003), it is shown that by performing a certain number
of realizations with fewer heterogeneities, it is possible to obtain
the same property as that of a single and larger RVE and with
the same accuracy. However, this was shown to be untrue for small
volume sizes, as there is a bias caused by deterministic size effects
(e.g., boundary effects) which cannot be eliminated through
ensemble averaging (Kanit et al., 2003). Hence the numerical RVE
is deﬁned as the representative ensemble of realizations, with
the fewest number of heterogeneities, which yields by average
the composite effective properties, within a given tolerance.
Several determination criteria have been used in the literature
(Ghossein and Lévesque, 2012; Gitman et al., 2007; Kanit et al.,
2003; Moussaddy et al., 2011; Pelissou et al., 2009; Salmi et al.,
2012; Trias et al., 2006) to determine RVE parameters ðnRVE; rRVEÞ.
To the author’s knowledge, only one criterion was used, under sev-
eral forms, to determine the number realizations required rRVE
(Ghossein and Lévesque, 2012; Gitman et al., 2007; Moussaddy
et al., 2011; Pelissou et al., 2009). The criterion aims at the deter-
mination of the ensemble size r of realizations that will give satis-
factory conﬁdence in the average properties. Precisely, the
criterion ensures that the ensemble of realizations average prop-
erty should be representative, within a tolerance, of the average
of the whole statistical population of possible microstructures at
that number of heterogeneities. In contrast, several different crite-
ria were used to determine the number of heterogeneities in the
RVE nRVE. The ﬁrst, and most commonly used, criterion is that of
effective property stability over increments of number of heteroge-
neities in the volume (Barello and Lévesque, 2008; Ghossein and
Lévesque, 2012; Gusev, 1997; Kari et al., 2007; Pelissou et al.,
2009; Trias et al., 2006). The only difference from the early deﬁni-
tion of the criterion, used by Gusev (1997), is that the stability cri-
terion is applied to the ensemble average properties and not to a
single volume element for each volume size. Another criterion
was based on increasing the number of heterogeneities until the
bounds of effective properties, issued from uniform displacement
and uniform traction boundary conditions, are close within a toler-
ance (Salmi et al., 2012). Even though this criterion is the only one
to provide exact bounds and errors for the effective properties,uniform displacement and traction boundary conditions are too
distant apart for high contrasts of constituents’ properties. It was
demonstrated in Salmi et al. (2012) that uniform displacement
and traction boundary conditions converge faster for a free-form
volume element, whose side does not intersect with heterogene-
ities, than for a cubic volume element which intersects heterogene-
ities. Whether the reﬁned bounds converge quicker than periodic
boundary conditions or not is left for future studies since the gen-
eration of free form VE for the microstructures studied herein
would require signiﬁcant amount of work. A third criterion to
determine nRVE is that of enforcing that the variation/deviation of
the targeted property over all realizations is within a tolerance of
their average (Salmi et al., 2012; Trias et al., 2006). Indeed, very
low scattering of the effective properties would be observed if an
arbitrarily large number of heterogeneities were included in the
volume. Other RVE size determination criteria were developed
based on geometrical and statistical properties of the realizations
(Trias et al., 2006), but are not directly related to the effective prop-
erties and, hence, are not included in this study.
The process of determining the RVE parameters is therefore
usually done using a twofold convergence. First the number of
realizations is incremented until satisfying the ﬁrst criterion and
determining rRVE. Second, the volume size is incremented until sat-
isfaction of the second criterion and determining nRVE. This process
usually leads to a very large number of FE models to evaluate,
among which only one set will be deﬁned as the RVE. Furthermore,
no studies have veriﬁed the validity of the different criteria results,
especially for the case of heterogeneities with high aspect ratios.
For example, the stability criterion veriﬁes only the convergence
rate of the targeted property over size increments without any
indication on the effective properties accuracy. There might be
cases where the property converges very slowly over size incre-
ments and the numerical stability criterion is not strict enough
to ensure that the property of interest has effectively stabilized.
As a result, premature convergence towards false results is possi-
ble. In this study, an attempt was made to evaluate the accuracy
of the stability criterion, but also to suggest and assess the robust-
ness of new methods of RVE determination.3. RVE determination methods
Several RVE determination methods were tested to determine
both RVE parameters ðnRVE; rRVEÞ. Each method consists of an algo-
rithm involving two RVE determination criteria. In the following,
the determination criteria are ﬁrst presented, followed by the list-
ing of the general algorithm for all determination methods.3.1. Determination criteria
Two groups of determination criteria were tested to compute
the RVE parameters ðnRVE; rRVEÞ. The ﬁrst group lists the number
of realizations rRVE determination criteria, while the second group
lists number of ﬁbers nRVE determination criteria. While the bulk
modulus is studied below for illustration purposes, the criteria
can be applied to any elastic property.3.1.1. Ensemble size criteria
An ensemble size criterion aims at ensuring that the ensemble
of realizations is large enough to have conﬁdence in the ensemble
average apparent properties. Two criteria are used: the conﬁdence
interval criterion and the ensemble isotropy criterion.
Conﬁdence criterion: This criterion has been used under different
forms in several RVE determination studies (Ghossein and
Lévesque, 2012; Kanit et al., 2003; Moussaddy et al., 2011). The
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dence interval relative error is within a certain tolerance, namely:
fcon ¼
I95%~k =2
krn
6 tol; ð9Þ
where I95%~k is the 95% conﬁdence interval of the apparent bulk mod-
uli, tol is the ﬁxed tolerance, and krn represents the arithmetic aver-
aging of the apparent bulk moduli over the r realizations with n
ﬁbers each.
Ensemble isotropy criterion: This criterion imposes the condition
that the ensemble average properties should have the same mate-
rial symmetry as the full scale material, which is isotropy in our
case. Using this criterion, individual realizations should not be nec-
essarily isotropic, but the average stiffness tensor of the represen-
tative ensemble of realizations should be. The average stiffness
tensor isotropy should always be true for an arbitrarily large
ensemble of realizations since the theoretical orientation averag-
ing of the stiffness or compliance tensor of even a single ﬁber com-
posite over all orientations exhibits isotropic behavior. Several
isotropy indices can be found (Bucataru and Slawinski, 2009;
Ranganathan and Ostoja-Starzewski, 2008) in the literature but
none of them provides a percentage error measurement. It is there-
fore not trivial to deﬁne a range in which the isotropy index pro-
vides an acceptable isotropy. Moreover, these indices collapse the
whole elasticity matrix into one single index value. This operation
can be practical in most cases, but may lead to inaccurate isotropy
measurements.
A new isotropy error is hereby proposed that computes an error
for each non-zero term of the stiffness matrix. For a single random
microstructure, the isotropy error matrix is given by:
K¼
eC11Cð~kr ;eGr Þ11
Cð
~kr ;eGr Þ
11
eC12Cð~kr ;eGr Þ12
Cð
~kr ;eGr Þ
12
eC13Cð~kr ;eGr Þ13
Cð
~kr ;eGr Þ
13
0 0 0
eC21Cð~kr ;eGr Þ21
Cð
~kr ;eGr Þ
21
eC22Cð~kr ;eGr Þ22
Cð
~kr ;eGr Þ
22
eC23Cð~kr ;eGr Þ23
Cð
~kr ;eGr Þ
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0 0 0
eC31Cð~kr ;eGr Þ31
Cð
~kr ;eGr Þ
31
eC32Cð~kr ;eGr Þ32
Cð
~kr ;eGr Þ
32
eC33Cð~kr ;eGr Þ33
Cð
~kr ;eGr Þ
33
0 0 0
0 0 0
eC44Cð~kr ;eGr Þ44
Cð
~kr ;eGr Þ
44
0 0
0 0 0 0
eC55Cð~kr ;eGr Þ55
Cð
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0
0 0 0 0 0
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2666666666666666666666666666664
3777777777777777777777777777775
ð10Þ
and for an ensemble of r realizations, the isotropy error matrix is ex-
pressed by:
Kr ¼
Cr11C
ðkr ;Gr Þ
11
Cðk
r ;Gr Þ
11
Cr12C
ðkr ;Gr Þ
12
Cðk
r ;Gr Þ
12
Cr13C
ðkr ;Gr Þ
13
Cðk
r ;Gr Þ
13
0 0 0
Cr21C
ðkr ;Gr Þ
21
Cðk
r ;Gr Þ
21
Cr22C
ðkr ;Gr Þ
22
Cðk
r ;Gr Þ
22
Cr23C
ðkr ;Gr Þ
23
Cðk
r ;Gr Þ
23
0 0 0
Cr31C
ðkr ;Gr Þ
31
Cðk
r ;Gr Þ
31
Cr32C
ðkr ;Gr Þ
32
Cðk
r ;Gr Þ
32
Cr33C
ðkr ;Gr Þ
33
Cðk
r ;Gr Þ
33
0 0 0
0 0 0
Cr44C
ðkr ;Gr Þ
44
Cðk
r ;Gr Þ
44
0 0
0 0 0 0 C
r
55C
ðkr ;Gr Þ
55
Cðk
r ;Gr Þ
55
0
0 0 0 0 0
Cr66C
ðkr ;Gr Þ
66
Cðk
r ;Gr Þ
66
26666666666666666666666664
37777777777777777777777775
; ð11Þwhere Cð
~k;eGÞ is the isotropic stiffness matrix recalculated from the
apparent elastic properties ~k and eG and Cðk;GÞ is the isotropic stiff-
ness matrix recalculated from the average apparent elastic proper-
ties k and G.
The criterion dictates that the maximum term of the isotropy
error matrix should be lower than a ﬁxed tolerance:
fiso ¼ max Kr
   6 tol; ð12Þ
where max Kr
   indicates the maximum value of the matrix
components.
3.1.2. Volume size criteria
Stability criterion: The property stability criterion is the most
commonly used RVE determination criterion. It aims at the deter-
mination of the point of convergence of the target property when
the number of heterogeneities is increased. Thus, we propose a
generalized form of the stability criterion for an arbitrary incre-
ment of the number of ﬁbers represented. To reach stability, the
criterion states that the convergence rate of the bulk modulus
should be within a certain tolerance:
dstab ¼
kr2n2  kr1n1
 
kr2n2
 Dn
n2  n1
 
6 tol; ð13Þ
where n2 is larger than n1, and Dn indicates the chosen reference
step size. The ratio between Dn and n2  n1 is hereby proposed to
generalize the stability criterion for an arbitrary choice of volumes
n1 and n2. The criterion’s ability to determine accurately the RVE va-
lue depends on the choice of the tolerance value and of the refer-
ence volume step size Dn. Even though this criterion works well
for microstructures with randomly dispersed spheres (Ghossein
and Lévesque, 2012; Gusev, 1997), or grains (Kanit et al., 2003),
the microstructure of ROFRCs with high aspect ratios ﬁbers were
not tested and should provide more insight into the problems that
can be faced.
Deviation criterion: The standard deviation of the target prop-
erty is an indicator of the scatter in the ensemble of realizations.
When the number of ﬁbers increases, lower property variations
should be observed. Theoretically, no variations should be ob-
served when the RVE is reached since the latter is typical of the
whole microstructure. In this perspective, the RVE can be identiﬁed
by ﬁxing a maximum deviation tolerance for an ensemble of
realizations:
ddev ¼ s
r
n
krn
6 tol; ð14Þ
where srn is the standard deviation of the target property for an
ensemble r with n ﬁbers in each volume.
Averaging variations criterion (new): All previous criteria were
based on the arithmetic mean of the apparent target property for
the ensemble. The arithmetic mean value of the apparent proper-
ties of the realizations was considered as the overall ensemble
property. Here we consider the arithmetic and harmonic means
of the stiffness tensor:
C ¼ 1
r
Xr
i¼1
eC i; ð15aÞ
C ¼ 1
r
Xr
i¼1
eC1i
 !1
: ð15bÞ
where eCi is the apparent elastic tensor of the ith realization. The cor-
responding bulk moduli are given by:
k ¼ Ciijj
9
; ð16aÞ
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9
: ð16bÞ
It can be demonstrated that the result of Eq. (16a) is equivalent to
the arithmetic mean of k~ evaluated by 1r
Pr
i¼1
~ki
h i
, hence the arith-
metic mean symbol k is used. However, Eq. (16b) is different than
the harmonic mean of k~ evaluated by rPr
i¼1
1
~ki
 	
.
The estimation of the average properties of the ensemble is ta-
ken as the average of both means:
bkr ¼ kr þ kr
2
: ð17Þ
By construction, we have that:
kr 6 bkr 6 kr: ð18Þ
Equality in Eq. (18) can only be obtained when all realizations lead
to identical properties. This new criterion states that the RVE is ob-
tained when the difference between the ensemble average proper-
ties bkr and any of kr or kr is within a certain tolerance of their mean:
dav ¼
bkr  krbkr
 !
¼
bkr  krbkr
 !
6 tol: ð19Þ
Isotropy criterion (new): This last criterion investigates if a single
isotropic microstructure can provide accurate estimations of the
effective properties. For this purpose, particular isotropic micro-
structures, within a tolerance, were searched for among all gener-
ated volume elements. The criterion states:
diso ¼ max Kj jð Þ 6 tol; ð20Þ
where Kis calculated using Eq. (10). The RVE consists of the small-
est volume element which satisﬁes Eq. (20).
3.1.3. Determination algorithm
Each RVE determination Method (M) was formed by combining
an ensemble size criterion with a volume size criterion. Table 1
lists all methods that were used in this study. For all methods
involving two criteria, the main algorithm is:
1. Set the microstructure parameters: volume fraction, aspect
ratio, elastic properties of constituents, tolerance and initial
number of ﬁbers represented in the volume element.
2. Generate and solve random realizations until Criterion A is
satisﬁed.
3. If Criterion B is satisﬁed, the RVE is found; Else, increase the
number of ﬁbers and repeat from step 2.
It is important to note that only Mfcondstab and Mfisodstab , including the
stability criterion based on the convergence rate of the effective
properties, necessarily require sequential increments of the num-
ber of ﬁbers. However, an incremental approach was conductedTable 1
The RVE determination methods.
Methods Determination of r
Criterion A Name
Mfcondstab fcon 6 tol Conﬁdence
Mfisodstab fiso 6 tol Ensemble isotropy
Mfconddev fcon 6 tol Conﬁdence
Mfisoddev fiso 6 tol Ensemble isotropy
Mfcondav fcon 6 tol Conﬁdence
Mfisodav fiso 6 tol Ensemsble isotropy
Mdiso NA NAfor all methods in order to determine the smallest RVE possible.
The estimated smallest RVE, for all methods, would have the least
accurate effective properties. Such an approach will help conduct a
more rigorous analysis of the validity of the different methods.
As for Mdiso , all generated volumes were individually tested to
ﬁnd isotropic microstructures, as per Eq. (20). The RVE size was
considered as the volume element with the fewest ﬁbers that sat-
isﬁes the isotropy criterion diso. The objective of Mdiso is not to test
another determination criterion, but rather to investigate if a single
isotropic microstructure is equivalent to a RVE, within a tolerance.
4. Numerical method
4.1. Numerical simulation
More than 1200 periodic microstructures were generated in
MATLABR-2009a using a new modiﬁed RSA scheme presented in
Appendix. Fig. 1 presents a microstructure generated using the
modiﬁed RSA scheme containing 50 randomly oriented ﬁbers of as-
pect ratio 50 with a 5% volume fraction. The geometries were
meshed in ANSYS v12.0 using 10 nodes tetrahedron elements
and solved in Abaqus/Standard v.6.10 under 6 different cases of
displacement based periodic boundary conditions as stated in Eq.
(7), resulting in a total of more than 7200 FE analyses. FE models
contained more than 12 million nodes for volumes containing 40
ﬁbers with an aspect ratio of 60. Computations were performed
on an IBM X server 7145-AC1 with 1.5 TB RAM and parallelized
over 6 to 12 XEON X7550 cores.
4.2. Material properties
A high contrast of elastic properties of 300, for the bulk and
shear moduli of the ﬁbers over that of the matrix, was ﬁxed in or-
der to submit the RVE determination methods to a rigorous case
typical of nanocomposite materials. The constituent properties,
listed in Table 2, are similar to those of an epoxy matrix reinforced
by single-walled carbon nanotube bundles (Liu et al., 2005).
5. Results and discussions
5.1. Convergence of the RVE
Fig. 2(a) and (b) show the evolution of the ensemble mean bulk
and shear moduli, respectively, for two aspect ratios of 20 and 30
and several number of ﬁbers as a function of the number of realiza-
tions in the ensemble. The apparent properties shown in Fig. 2(a)
and (b) were computed using Eq. (15a). The properties in all ﬁgures
are normalized with respect to that of the matrix, while the
number of ﬁbers represented in a volume is denoted by n and
the ﬁbers aspect ratio by AR. The bulk and shear moduli in
Fig. 2(a) and (b) show similar trends. The conﬁdence interval for
all microstructures narrows as more realizations are included inDetermination of n RVE
Criterion B Name Effective property
dstab 6 tol Stability kr1n1 in Eq. (13)
ddev 6 tol Deviation krn
dav 6 tol Averaging bkrn
diso 6 tol Isotropy ~k
Fig. 1. Generated microstructure using the modiﬁed RSA method with 50 randomly
oriented ﬁbers having an aspect ratio of 50 and 5% volume fraction.
Table 2
Materials properties in GPa.
Bulk modulus Shear modulus
Matrix 1.67 0.77
Fibers 500 231
Fig. 2. Normalized average apparent properties with respect of that of the matrix as
a function of the number of realizations for ﬁber Aspect Ratios (AR) 20 and 30 and
different number of ﬁbers (n) ranging from 1 to 50. (a) Normalized bulk modulus;
(b) Normalized shear modulus. The error bars represent a 95% conﬁdence interval
on the mean value.
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have more scattering (i.e., larger conﬁdence intervals) and usually
required more realizations to satisfy the conﬁdence criterion of Eq.
(9). For very few ﬁbers in the volume (e.g., AR20n1 or AR30n10), it
can be observed that the mean apparent properties, even after sev-
eral realizations, are still distant apart from that observed for larger
numbers of ﬁbers (e.g., AR20n30 or AR30n30). This is a reproduc-
tion of the bias that (Kanit et al., 2003) have observed for small vol-
umes, once again showing the importance of determining
effectively the RVE.
Fig. 3(a) and (b) show the evolution of the normalized mean
bulk and shear moduli, respectively, for increasing number of ﬁ-
bers. Each point represents not a single realization but the ensem-
ble of realizations that were computed. The solid lines with
downward pointing triangles represent the arithmetic mean elastic
properties obtained using Eq. (16a) and the dashed lines with
empty circles represent the harmonic mean elastic properties com-
puted using Eq. (16b). Both means get closer to each other as the
number of ﬁbers increases. For AR < 20, the means quickly stabi-
lize; however for higher AR the curves show a lower convergence
rate and required larger volumes to stabilize. The higher the aspect
ratio, the more difﬁcult it was to generate microstructures with a
high number of ﬁbers. Usually, the last point of each curve in
Fig. 3 was the largest number of ﬁbers that was practically possible
to generate/mesh/solve with the available methods and computa-
tional resources.
5.2. Ensemble size criteria analysis
This section analyzes and compares the ensemble isotropy cri-
terion fiso and the conﬁdence criterion fiso. To test both criteria,
we introduce the ensemble mean property error with respect to
that of the whole population of possible microstructures that have
the same number of ﬁbers:
f ¼
kr  krtot
 
krtot
; ð21Þwhere rtot is very large. Therefore, f provides a rigorous comparison
basis for the ensemble size criteria, namely, the conﬁdence criterion
fcon and the isotropy criterion fiso. Fig. 4 shows the evolution of
ensemble number of realizations criteria errors fcon and fiso com-
puted using Eqs. (9) and (13), respectively, and the mean property
error f using Eq. (21) as a function of the number of realizations
for microstructures with 10 ﬁbers of aspect ratio 20 at 5% volume
fraction and for rtot = 150 (i.e., 150 realizations were computed).
The conﬁdence criterion fcon is close to the mean property error f,
both around 1% even for a low number of realizations. The ensemble
isotropy criterion yields larger error values. Most importantly, the
isotropy error fiso does not vanish when increasing the ensemble’s
number of realizations. Same trends were observed for other aspect
ratios. This indicates that the ensemble isotropy criterion fiso is too
strict and cannot always determine ensemble sizes. It is concluded
that this criterion is not ideal for the smallest RVE ensemble size
determination.
Fig. 3. Normalized average apparent properties with respect of that of the matrix as
a function of the number of ﬁbers for different Aspect Ratios (AR). (a) Normalized
bulk modulus; (b) Normalized shear modulus. The error bars represent a 95%
conﬁdence interval on the mean value.
Fig. 4. Evolution of the ensemble number of realizations criteria errors fcon; fiso and
f expressed in Eq. (9), (10) and (21), respectively, as a function of the number of
realizations in the ensemble for 10 ﬁbers of aspect ratio 20. The dashed line
represents the tolerance threshold of 5%.
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To analyze the property stability criterion dstab, the deviation
criterion ddev and the averaging variations criterion dav, we intro-
duce the effective property error with respect to the ‘exact’ effec-
tive properties of very large volumes:
d ¼
kn  knmax
 
knmax
; ð22Þ
where nmax indicates the largest volume size that was computed for
a given aspect ratio, with enough realizations to satisfy the conﬁ-
dence criterion fcon. For AR 6 30, volume elements containing
nmax ¼ 80 ﬁbers were simulated and very low scattering of the
effective properties was observed and both arithmetic and har-
monic means were almost identical, as seen in Fig. 3. We hereby as-
sume that those largest volume sizes of nmax ¼ 80 simulated for AR
6 30 provide an accurate estimation of the effective properties. The
results of those largest volume sizes are referred to as ‘exactproperties’ and are used to validate the estimated effective proper-
ties of all methods listed in Table 1. Fig. 5 shows the volume size cri-
teria dstab; ddev and dav computed with Eqs. (13), (14) and (19) and
the effective property error d computed with Eq. (22) where
nmax ¼ 80 at different volume sizes n for AR = 30. For each volume
size, all errors have been computed using the same ensemble of
realizations that satisﬁed the conﬁdence criterion fcon. For the sta-
bility criterion in Eq. (13), the number of ﬁbers step was taken as
Dn ¼ 10. In Fig. 5, the deviation criterion ddev was lower than the
5% tolerance threshold even for the smallest volume size including
only one single ﬁber. In contrast, the effective property error d is lar-
ger and is over the 5% tolerance threshold for the smallest volume
size. This observation suggests that the deviation criterion ddev
determines biased RVEs. Herein, a biased RVE designates a RVE
which has effective properties errors that exceed the preﬁxed toler-
ance. The stability criterion dstab shows good agreement with the
effective property error d only for the smallest volume size. How-
ever, the stability criterion dstab decreases very quickly with increas-
ing volume sizes. For volume sizes above one single ﬁber, effective
property errors d are exceedingly larger suggesting that the stability
criterion dstab determines biased RVEs. The only criterion that is
shown to be able to generate non-biased RVEs is the proposed aver-
aging variation criterion dav. The averaging variation criterion shows
very good agreement with the effective property error. A similar
trend was observed for all aspect ratios AR 6 30.5.4. RVE parameters
Following the RVE determination methods listed in Table 1, the
RVE parameters ðnRVE; rRVEÞ were determined, for tol ¼ 5%, and are
listed in Tables 3 and 4 for the bulk and shear moduli, respectively.
Other tolerance values were tested and are presented in Section
5.6. The same microstructure realizations were used for all deter-
mination methods investigated. It is observed in Tables 3 and 4
that Mdiso based on microstructure isotropy criterion diso, as well
as all methods that include the ensemble isotropy criterion fiso,
i.e. Mfisodstab ;Mfiso ddev and Mfiso dav , have not been able to ﬁnd RVEs
for AR > 20. Moreover, the results in Fig. 3(a) and (b) suggest that
for an aspect ratio of 30, for example, the RVE should be reached as
the property is seen to have converged. This conﬁrms that the
ensemble isotropy criterion fiso and the single microstructure
Fig. 5. Evolution of the volume size criteria errors dstab; ddev; dav and d expressed in
Eq. (13), (14), (19) and (22), respectively, as a function of the number of ﬁbers
represented for AR = 30. The dashed line represents the tolerance threshold of 5%.
Table 3
RVE volume sizes n and number of realizations r for the bulk modulus at different aspec
indicates how many isotropic realizations were found over the ensemble size. When no R
AR Mfcon dstab Mfiso dstab Mfcon ddev Mfis
n r n r n r n
3 1 5 1 5 1 5 1
5 5 5 5 5 1 5 1
10 5 5 5 5 1 5 1
20 5 5 – – 1 5 10
30 5 5 – – 1 6 –
40 10 5 – – 1 9 –
50 5 5 – – 5 5 –
60 1 7 – – 1 7 –
Table 4
RVE volume sizes n and number of realizations r for the shear modulus at different aspe
indicates how many isotropic realizations were found over the ensemble size. When no R
AR Mfcondstab Mfisodstab Mfconddev Mfiso
n r n r n r n
3 1 5 1 5 1 5 1
5 5 5 5 5 1 5 1
10 5 5 5 5 1 5 1
20 5 5 – – 1 5 10
30 5 5 – – 1 6 –
40 10 5 – – 5 5 –
50 5 5 – – 5 5 –
60 – – – – 1 15 –
Table 5
RVE effective normalized bulk modulus at different aspect ratios for various determination
The errors are computed in respect to the ‘exact’ results (ﬁnal column).
AR Mfcondstab Mfisodstab Mfconddev Mfisoddev
k=km er. (%) k=km er. (%) k=km er. (%) k=km er
3 1.11 0 1.11 0 1.11 0 1.11 0
5 1.14 0 1.14 0 1.15 1 1.15 2
10 1.24 2 1.24 2 1.27 4 1.27 4
20 1.51 5 – – 1.56 7 1.48 2
30 1.77 6 – – 1.82 9 – –
40 1.94 – – – 2.03 – – –
50 2.12 – – – 2.12 – – –
60 2.31 – – – 2.31 – – –
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the number of isotropic realizations found over the total number
of realizations computed at that particular volume size. It can be
concluded that ﬁnding isotropic realizations using diso is not a triv-
ial process. In contrast, the methods including the conﬁdence crite-
rion fcon, i.e. Mfcondstab ; Mfconddev and Mfcondav , reach the RVE for all
volume sizes. It is also observed that Mfcondav , including the averag-
ing variation criterion delivers the largest RVE sizes, whereas
Mfconddev generally yielded smallest RVEs containing one single ﬁber.5.5. Effective properties
Tables 5 and 6 present for all methods the estimated effective
bulk and shear moduli, respectively. Also included in Tables 5
and 6 are the ‘exact properties’ determined using the larger num-
ber of ﬁbers nmax ¼ 80 for ARs up to 30. The errors of the estimated
effective properties of the different methods with respect to the
‘exact properties’ are also presented in Tables 5 and 6.
For all methods that include the ensemble isotropy criterion fiso,
i.e. Mfisodstab ; Mfisoddev and Mfisodav , whenever the RVE was found, the
corresponding effective properties are relatively accurate (errort ratios for various determination Methods (M) with 5% tolerance. The last column
VE parameters are given, the RVE was not found.
o ddev Mfcondav Mfiso dav Mdiso
r n r n r n r/rtot
5 1 5 1 5 1 2/30
6 1 5 1 6 5 2/20
13 1 5 5 5 10 3/27
38 5 5 20 26 – –
– 10 5 – – – –
– 30 5 – – – –
– 30 5 – – – –
– 40 5 – – – –
ct ratios for various determination Methods (M) with 5% tolerance. The last column
VE parameters are given, the RVE was not found.
ddev Mfcondav Mfisodav Mdiso
r n r n r n r/rtot
5 1 5 1 5 1 2/30
6 1 5 1 6 5 2/20
13 1 5 5 5 10 3/27
38 5 5 20 26 – –
– 10 5 – – – –
– 30 5 – – – –
– 30 5 – – – –
– 40 5 – – – –
Methods (M) with 5% tolerance. When no properties are given, the RVE was not found.
Mfcondav Mfisodav Mdiso Exact
. (%) k=km er. (%) k=km er. (%) k=km er. (%) k=km
1.11 0 1.11 0 1.11 0 1.11
1.14 0 1.14 0 1.13 0 1.13
1.22 0 1.22 0 1.22 0 1.23
1.46 1 1.44 1 – – 1.45
1.69 1 – – – – 1.68
1.84 – – – – – –
2.03 – – – – – –
2.15 – – – – – –
Table 6
RVE effective normalized shear modulus at different aspect ratios for various determination Methods (M) with 5 tolerance. When no properties are given, the RVE was not found.
The errors are computed in respect to the ‘exact’ results (ﬁnal column).
AR Mfcondstab Mfiso dstab Mfconddev Mfiso ddev Mfcondav Mfiso dav Mdiso Exact
G=Gm er. (%) G=Gm er. (%) G=Gm er. (%) G=Gm er. (%) G=Gm er. (%) G=Gm er. (%) G=Gm er. (%) G=Gm
3 1.15 0 1.15 0 1.15 0 1.15 0 1.15 0 1.15 0 1.15 0 1.15
5 1.18 0 1.18 0 1.20 1 1.20 2 1.19 0 1.19 0 1.18 0 1.18
10 1.32 2 1.32 2 1.35 4 1.36 4 1.29 1 1.29 0 1.30 0 1.30
20 1.66 5 – – 1.72 8 1.63 2 1.59 0 1.58 0 – – 1.59
30 2.00 6 – – 2.06 10 – – 1.91 1 – – – – 1.88
40 2.24 – – – 2.29 – – – 2.12 – – – – – –
50 2.45 – – – 2.45 – – – 2.35 – – – – – –
60 – – – – 2.73 – – – 2.54 – – – – – –
Fig. 6. Normalized properties with respect of that of the matrix as a function of the
number of ﬁbers and the RVE results using methods Mfcondstab; Mfcon ddev and Mfcondav
at 5% tolerance. (a) Normalized bulk modulus; (b) Normalized shear modulus. The
error bars represent a 95% conﬁdence interval on the mean value.
Fig. 7. Relative errors of the effective bulk modulus of RVEs determined using
methods Mfcon dstab ; Mfconddev and Mfcondav with respect to the ‘exact properties’, for
different values of tolerance and for AR = 30. The dashed line represents the desired
tolerance.
Fig. 8. Correlation between the RVE edge length LRVE with respect to the length of
the ﬁbers represented Lfiber as a function of the ﬁbers aspect ratio. Represented RVEs
data were determined using Mfcon dav at 5% tolerance for bulk and shear moduli.
3826 H. Moussaddy et al. / International Journal of Solids and Structures 50 (2013) 3817–3828under 5%), with the lowest errors found when combined with the
averaging criterion dav in Mfisodav (1% error or lower).
As formethods that include the conﬁdence criterion fcon; Mfcondstab
and Mfconddev based on the stability criterion dstab and the deviation
criterion ddev, respectively, produce errors, with respect to ‘exactproperties’, that increase with higher aspect ratio values. The errors
reach 6% and 10% at AR = 30 forMfcondstab andMfconddev , respectively. In
contrast, RVE volume sizes determined as perMfcondav show very low
errors (1% or lower) for aspect ratios up to 30.
H. Moussaddy et al. / International Journal of Solids and Structures 50 (2013) 3817–3828 3827The realizations which were found to satisfy the isotropy crite-
rion diso provided exceedingly accurate effective properties with
practically zero errors with respect to ‘exact properties’, as seen
in Tables 5 and 6. This indicates that for the case of ROFRCs under
study, whenever an isotropic realization is found, it can serve as an
accurate RVE.
To assess the estimated effective properties for AR = 30, they are
compared with FE results for all the number of ﬁbers simulated as
in Fig. 6(a) and (b) for the bulk and shear moduli, respectively. It
can be seen in Fig. 6(a) and (b) that, for Mfcondstab and Mfconddev , the
determined RVEs for all aspect ratios show a bias. The stability cri-
terion dstab induced bias in Mfcondstab can be explained by the fact that
the effective properties of ROFRCs with high aspect ratios of ﬁbers
have a low converging rate, lower than the 5% tolerance, with
increasing number of ﬁbers. However, the stability criterion is ex-
pected, in principle, to identify accurate RVEs if the tolerance was
arbitrarily small. Therefore, to be able to identify the real RVE using
the properties stability criterion, a convergence study has also to
be performed on the choice of tolerance. The choice of tolerance
values is discussed in the following section. Also seen in Fig. 6(a)
and (b), Mfcondav is the only method to provide realistic estimations
of effective properties for all aspect ratios.
Another substantial beneﬁt of Mfcondav is that it does not neces-
sarily require a series of computations on subsequent volumes
sizes to determine the RVE. If the ﬁrst guess volume size satisﬁes
Eq. (13), there is no need for incrementing the volume size. In con-
trast, the methods based on the stability criterion require a series
of computations for increasing volume sizes. Therefore, Mfcondav
helps reducing the computational time of the whole RVE determi-
nation process.
5.6. Tolerance analysis
The real errors of the estimated effective properties of all meth-
ods are that which are calculated with respect to the ‘exact prop-
erties’. Even though the different tolerance deﬁnitions have
different meanings than that of the real error, it would be very use-
ful that a method estimates effective properties yielding errors,
with respect to the exact results, which are equal or lower than
the initial tolerance value. Such a method would ensure that the
real errors of effective properties estimations are lower than the
chosen tolerance value. To analyze the effect of tolerance choice,
Mfcondstab ; Mfconddev and Mfcondav were performed for tolerances vary-
ing from 1% to 5%. Fig. 7 presents the estimated effective properties
errors, with respect to the ‘exact properties’, using the three RVE
determinationmethods (Mfcondstab ; Mfconddev and Mfcondav ) for ﬁbers as-
pect ratio of 30. The dashed line represents the case of equality be-
tween the tolerance and the error value. An appropriate RVE
determination method should yield errors lower or equal to the
tolerance value. Mfcondstab and Mfconddev show errors larger than the
tolerance value. The Mfcondav , based on the conﬁdence and averaging
variation criteria, is the only method to show acceptable errors for
all tolerance choices.
5.7. RVE size correlation
Here we attempt to investigate the existence of a correlation
between any RVE related parameter (e.g. RVE edge length) and
geometrical parameters of the microstructure (e.g. aspect ratio of
ﬁbers). Any correlation could provide a ﬁrsthand tool for a quick
estimation of the RVE size without performing any FE computa-
tions. Harper et al. (2012) determined the RVEs of randomly ori-
ented carbon ﬁber composites simpliﬁed in 2D representations
using an embedded cell FE approach. They observed that theresults always converged at the same RVE edge length which is
about 4 times larger than the ﬁber length (tested for three aspect
ratios: 1.8, 3.6 and 7.1 and two volume fractions: 30% and 50%).
Fig. 8 shows the RVE edge length normalized with respect to the
ﬁber edge length as a function of the aspect ratio. All results are
those of the RVEs determined using Mfcondav for both bulk and shear
moduli for a tolerance of 5%. The RVE normalized edge length is
shown to be constant for aspect ratios of 10 or larger. However,
the RVE normalized edge length value (around 0.5) is strictly lower
than the normalized RVE length value of 4 that was stated by Har-
per et al. (2012). This ﬁnding, based on 3D simulations and rigor-
ous RVE determination, can provide guidelines to estimate the
RVE size for a speciﬁed aspect ratio without any computation,
reducing further the RVE determination computational costs. It
should be noted, however, that this value is restricted to the
mechanical properties simulated. It is expected that lower con-
trasts between the constituents’ properties or lower volume frac-
tions should lead to smaller RVE sizes.6. Conclusions
Several RVE determination methods have been presented and
tested for the computation of accurate effective properties for
ROFRCs. The most important ﬁndings of this work are:
1. The property stability criterion, currently seen as the most reli-
able criteria by the community, is inappropriate for determin-
ing RVEs of ROFRCs with high aspect ratios of ﬁbers. This new
result questions directly the validity of reported effective prop-
erties computed for ROFRCs.
2. The newly proposed averaging criterion computes accurate
estimations of ROFRCs effective properties, within a given toler-
ance. Moreover, the averaging criterion does not necessitate the
computation of the apparent properties at different volume
sizes to study the convergence, as the stability criterion does.
This reduces substantially the computational cost related to
the RVE determination process.
3. Single microstructures that yield isotropic elasticity tensors,
within a tolerance,yield accurate effective properties. This crite-
rion could be added as an exit condition into a RVE determina-
tion algorithm in order to reduce further the computational
time if, by chance, a realization meeting this criterion was
obtained.
4. The RVE edge length was found to be around half the ﬁber
length for aspect ratios larger than 10, allowing ﬁrsthand quick
estimations of RVE sizes.
The above-mentioned ﬁndings have two major impacts on existing
and future works:
1. The validity of all studies relying on the property stability crite-
rion is under question. In fact, the criterion was also not
assessed, to the author’s knowledge, for other types of
microstructures.
2. ROFRCs RVE determination cost is reduced due to the newly
proposed criterion and to the RVE size ﬁrsthand estimation,
hence guiding the way towards numerical homogenization of
high cost microstructures such as nanocomposites with very
high aspect ratio reinforcements.
However, in order to achieve higher volume fractions, and espe-
cially larger aspect ratios, further advancements should be made
in the microstructure generation method. In addition, cost-efﬁcient
3828 H. Moussaddy et al. / International Journal of Solids and Structures 50 (2013) 3817–3828mesh-free techniques should be sought for solving volume ele-
ments containing ﬁbers of larger aspect ratios that are impossible
to solve with the current computational resources.
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Appendix A. Modiﬁed RSA
We propose an extension for the RSA algorithm in order to facil-
itate the generation of higher volume fractions and aspect ratios in
random packings of straight ﬁbers. In this modiﬁed algorithm, ﬁ-
bers are considered as straight cylinders having the same aspect
ratio and same dimensions. A single modiﬁcation to the RSA clas-
sical scheme is implemented when overlapping occurs, i.e. when
the distance between a newly generated ﬁber f2 and an existing ﬁ-
ber f1 is less than the ﬁxed minimum distance e between two ac-
cepted ﬁbers.
Let the minimum distance vector from the ﬁrst ﬁber f1 axis to
the newly generated ﬁber f2 axis be noted v12. The second ﬁber
f2 is translated following the v12 direction to satisfy the minimum
distance requirement. The vector of translation d is expressed by:
d ¼ e v12
v12k k : ðA:1Þ
Following the translation, the distances between the translated ﬁ-
ber f2 and all other existing ﬁbers axes are veriﬁed. If the minimum
distance is not satisﬁed, the ﬁber f2 is removed, and a new random
ﬁber position and orientation are generated. Using this algorithm
with a zero inter-ﬁber minimum distance, volume fractions up to
38% and 29% were generated for ROFRCs with aspect ratios 10
and 30, respectively. Fig. 1 shows an example of a ROFRC generated
using the modiﬁed RSA method. The microstructure contains 50
randomly oriented ﬁbers of aspect ratio 50 at 5% volume fraction.
The microstructure is periodic, meaning that a ﬁber that crosses
one surface of the volume penetrates back from the opposite sur-
face. This condition is imperative in order to obtain identical FE
meshes on opposite sides and, consequently, to apply periodic
boundary conditions as expressed in Eq. (1).
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